Abstract A method for accurately finding cardiac bidomain conductivity parameters is a crucial part of efforts to study and understand the electrical functioning of the heart. The bidomain model considers current flowing along (longitudinal) and across (transverse) sheets of cardiac fibres, as well as between these sheets (normal), in both the extracellular and intracellular domains, which leads to six conductivity values. To match experimental studies, such a method must be able to determine these six conductivity values, not just the four where it is assumed that the transverse and normal conductivities are equal. This study presents a mathematical model, solution technique, multielectrode array and two-pass inversion method, which can be used to retrieve all six conductivities from measurements of electrical potential made on the array. Simulated measurements of potential, to which noise is added, are used to demonstrate the ability of the method to retrieve the conductivity values. It is found that not only is it possible to accurately retrieve all six conductivity values, as well as a value for fibre rotation angle, but that the accuracy of such retrievals is comparable to the accuracy found in a previous study when only four conductivities (and fibre rotation) were retrieved.
their effect when used in modelling studies [17, 18, 30] . Recent experimental work [1, 9, 11] has questioned the validity of this assumption and this has been supported by recent simulation work [16] , which found that there are significant differences between heart surface potential distributions produced using four conductivity values and those produced using six values and that the six conductivity distributions are a better match for experimental results. Neither of the two available six conductivity data sets [12, 22] that is used in this study has been fully experimentally determined.
The inverse problem of inferring conductivities from measurements of electric potential is highly ill-posed and computationally intensive [7] . Recent work in this area includes a proposed method that maps the electrical activation of cardiac tissue and then uses a least squares and singular value decomposition approach to obtain the optimum set of cardiac parameters [8] . A new suggested approach [7] , applied to a 2D monodomain, is to simplify the problem into a set of computationally tractable problems via a single-step approximation. Other recent work in this area includes an investigation into the sensitivity of the forward problem of electrocardiology to the tissue conductivity parameters associated with the various organs in the human thorax [6] .
Another aspect of recent work is research into the design and fabrication of microelectrodes for use in studies associated with the measurement of cardiac conductivity values. Hooks and Trew [10] designed, fabricated and validated a plunge electrode array, which contained 137 recording sites for potential via needles that housed 13 silver wires within a total diameter of 0.7 mm. This array was then used to test an approximate relationship between the four bidomain conductivities and the monodomain conductivities measured by the array. An extension of this work [1] used a 325 electrode array with an approximate spacing of 4 9 4 9 1 mm and measurements using porcine left ventricular tissue to demonstrate that ventricular tissue is electrically orthotropic with three distinct propagation directions. A recent different approach [24, 25] proposes using multisite interstitial stimulation and recording via a network of very small 12.5 9 12.5 9 12.5 lm 3 MEMS fabricated blocks, in conjunction with Bayesian mathematical methods to obtain microimpedances, under the assumption that normal and transverse values are equal.
Previous work in this area by the authors and others [13, 14, 15] involved the design of a two-layer multi-electrode array, which was used to show that four cardiac conductivity values, as well as a value for fibre rotation angle could be retrieved from simulated measurements of potential on the heart surface. That work introduced a mathematical model, a solution method and an inversion procedure, as well as the electrode array, and investigated the accuracy of the retrievals. The present work aims to extend the mathematical model and its solution method, as well as the inversion procedure, to allow for the retrieval of six rather than four conductivity values (in addition to fibre rotation). To our knowledge, such a technique has not been demonstrated previously. The method will include the design of a new multi-electrode array, suitable for making the measurements.
Model and solution method

Governing equations
The bidomain governing equations [31] for the potentials in cardiac tissue are
where i = intracellular, e = extracellular, the tensors M j (j = i or e) are discussed below and / j (j = i or e) is the potential, b is the surface to volume ratio of the cells, R is the specific membrane resistance, and I s is the external current source per unit volume applied in the extracellular space.
The tensors M j (j = i or e) take account of the anisotropic nature of the tissue, which is related to the varying conductivity values, as well as to fibre rotation within the cardiac tissue [18] . Since the current flows at a different speed in three directions, along the fibres within the sheet (longitudinal = l), normal to the fibres within the sheet (transverse = t) and normal to the sheets of fibres (normal = n) and this takes place in the two domains (extracellular = e) and (intracellular = i), the bidomain model requires six conductivity values, g il , g it , g in , g el , g et and g en . Assuming that g in = g it and g en = g et leads to a four conductivity data set. However, in this work, this assumption will not be made and the model will be solved using all six bidomain conductivities.
The potential distribution in the blood, / b , is governed by Laplace's equation
Geometry of the model
This model considered in this work is a block of ventricular cardiac tissue that has dimensions 2 cm 9 2 cm in the x-y plane and which represents the outer surface of the heart (epicardium). It also extends 1 cm in the z direction to the inner surface of the heart (endocardium) at z = 1, which is in contact with a volume of blood, which extends to infinity in the positive z direction (Fig. 1) .
As in previous studies [13, 15] , it will be assumed that the rotation of the main fibre axis between the epicardium and the endocardium varies linearly with depth through an angle a. Hence M j , for a rectilinear block of tissue, is of the form
where j = i or e, c ¼ cos az and s ¼ sin az.
Boundary conditions
Assuming the epicardium is insulated, and since there is continuity of potential and current at the interface between the tissue and the blood, but the intracellular space is insulated by the extracellular space, the boundary conditions used to solve the model include
and
where g b is the conductivity of blood and / b is the potential in the blood. Also, / b ! 0 as z ! 1, since the blood mass is assumed infinite in the positive z direction. Finally, assuming that the boundaries of the domain are insulated, gives at the x and y boundaries
where n is the outward pointing normal from the boundary.
Solution technique
The solution technique for the forward model, Eqs. (1)- (2), subject to boundary conditions (4)-(6), first involves expansion of / i and / e as a Fourier series (see [15] for more detail) where j = i or e. These expansions are substituted into Eq. (1) to give two sets of four ordinary differential equations in the coefficients C nm j (z), D nm j (z), E nm j (z) and F nm j (z). These coefficients are found via a one-dimensional finite difference scheme that leads to a banded system of linear algebraic equations, which can be solved numerically for C nm j (z), D nm j (z), E nm j (z) and F nm j (z) using standard techniques [27] . The series in Eq. (7) is then summed to give the potentials. Thus, the potential at any point in the domain (for example, at an electrode) can be obtained by summing the series there.
Parameters used in the model
Two sets of conductivity values are used to solve the model, those of MacLachlan et al. [22] , which are based on the work of Foster and Schwan [4] , and those of Hooks et al. [12] (Table 1) . Other parameters are taken to be [14] b ¼ 2,000 cm À1 ; R ¼ 9,100 X cm 2 ; I S ¼ 50 lA mm À3 and g b = 6.7 mS cm -1 . This gives space constants
g iq g eq g iq þg eÞ; q ¼ l; t; nÞ in the various directions in the range 0.18-0.77 mm ( Table 1 ). The fibre rotation angle a, which describes the rotation of the fibre axis between the epicardium and the endocardium, is taken to be 2p 3 , to be consistent with previous studies [13, 14] .
Methods
Inversion process
In the forward model, described by Eqs. (1)- (2), the potentials depend on the required parameters in a nonlinear fashion,
where U is the vector of electrode potentials,
T and G represents the model. Under experimental conditions, there will be noise in the measurement vector U, so to obtain an approximation to m from Eq. (8), it is necessary to minimise the Tikhonov functional 
Here c is the regularisation parameter.
Minimisation of the functional is performed using the SolvOpt solver [19] , which minimises nonlinear multivariate functions using a modified Shor's r-algorithm. The constraints applied for the minimisation are that 0 B a B p and that the conductivities are positive. The termination criteria used [19] is that the relative error in the functional is less than 10 -6 for two successive iterations. Percentage relative error is used to compare the parameters p c , found during the inversion, with the generating parameters p from Sect. 2.4, where
Proposed electrode array and retrieval method
The electrode array proposed in this work is an extension of an array already published by the authors and others [14] , which was successful in retrieving the four bidomain conductivities g il , g it , g el and g et from simulated measurements of potential, as well as fibre rotation angle a. It consists of 17 microneedles (Fig. 2) , each containing three electrodes, situated in three parallel 'layers' (Fig. 3) . Two electrodes are used for current injection, and the potentials, measured on subsets (Fig. 3) of the remaining electrodes, are used to find the cardiac bidomain parameters. The dimensions of the array (0.5 mm between needles and also between electrodes on each needle) are chosen to be consistent with making potential measurements at distances less than or equal to the space constant (Table 1) of the tissue ('closely spaced'), as well as at distances greater than the space constant ('widely spaced'). This is in accord with the four-electrode technique of Plonsey and Barr [23] , who demonstrated theoretically that four collinear equally spaced electrodes, with source and sink on the outer electrodes and inner measuring electrodes, placed both along and across the cardiac fibres, required both 'closely' and 'widely spaced' measurements to isolate the extracellular and intracellular conductivities. The placement of the source and sink electrodes here is also chosen in accord with that work, and, for the 'closely spaced' electrode set, it is the same as in the array used in the previous work [14] . However, because of the extra layer of electrodes in the 'widely spaced' set, a number of choices could be made for the positions of the source and sink and the positions that are proposed here are the ones that appear to work well, rather than ones that are guaranteed to be placed in the optimal positions.
It is found, similarly to the previous work, that a twopass protocol is needed to find the desired parameters accurately [14] using the one array. The extracellular conductivities are found on the first pass, using a subset (Fig. 3a) of electrodes that are 'closely spaced' (0.5 mm) and then a subset (Fig. 3b) of 'widely' spaced electrodes (a mixture of 0.5 and 1 mm spacing) are used in the second pass. The extracellular conductivities from the first pass are held constant in the second pass, which retrieves the intracellular conductivities [23] (and fibre rotation angle).
Comparison of the proposed array and the previous array
The electrode array, proposed in Sect. 3.2, is a three-layer analogue of the array used previously [13, 14] to retrieve the four conductivities, g it , g it , g el and g et . The new array has simply had a third layer of electrodes added, with the distance between electrodes in the normal direction now 0.5 mm instead of 0.3 mm. Both arrays have 17 microneedles, with each needle in the proposed array containing 3 electrodes, rather than 2 electrodes as previously. When simulations were conducted with the old twolayer array to attempt to find the six bidomain conductivities (that is, g in and g en in addition to the four mentioned above), it was found that it was not possible to retrieve g in and that an additional layer of electrodes was necessary. It is not surprising that more than two electrodes are required in the normal direction, given that this method is based on Fig. 3 ) are used in the inversion method the four-electrode technique. However, it is interesting that three rather than four electrodes per needle are sufficient. While the proposed 'closely spaced' electrode set (Fig. 3a ) is identical to the previous set [14] , except for the fact that it now has a third 'layer' of electrodes, this is not the case for the proposed 'widely spaced' electrode set (Fig. 3b) . This is because testing with the previous set that simply had a third layer of electrodes added found that subset was unable to retrieve the intracellular conductivities with sufficient accuracy and that it was necessary to add some extra electrodes, for example, electrodes # 2, 4, 6 and 8 in the z = 0.75 mm layer and their counterparts in the second and third layers.
First pass
The bidomain conductivity values of MacLachlan et al. [22] , together with the parameters given in Sect. 2.5, are used to produce a set of simulated potential measurements on the 'closely spaced' subset of electrodes in the proposed array (Fig. 3a) . Noise of 1, 2 and 5 % is added to these measurements, and the inversion process described in Sect. 3.1 is then used to retrieve g el , g et , g en , g il , g it , g in and a simultaneously during the first pass through the solver.
In this case, the Tikhonov functional, from Eq. (9), to be minimised is
where / M is the difference in measured potential between electrode i and the reference electrode, and / C is similar but for the calculated value at each iteration of the solver.
T , and, as in the previous work [15] , the two regularisation parameters, c 1 and c 2 , are taken to be 10 -2 and 10 -5 , respectively. These were chosen in the previous work [15] because of the difference in the magnitudes of the conductivity values and a. Testing in the current work found that results from both passes of the new method were quite insensitive to changes in the regularisation parameters and so it was decided to retain the values used previously. The sensitivity of the results to the starting value in the first pass was also investigated. It was found that using initial values that were all either 10 times smaller or 10 times larger than the usual initial values made no difference to the values retrieved by the solver. Initial values used in the first pass are a = 0.5, with the conductivity values all equal to 1 9 10 -3 , except for g in = 1 9 10 -4 . A set of 10 first passes is produced for each noise level, to simulate 10 different experiments.
Second pass
A similar set of simulated potentials is produced on the 'widely spaced' electrode subset (Fig. 3b) , to which noise is added before the inversion takes place. However, for the second pass, the mean values for g el , g et and g en from the first pass are held constant and this time only values for g il , g it , g in and a are retrieved, using starting values which are their means from the first pass. This means that the Tikhonov functional to be minimised is now
Again a set of 10 passes is made for each noise level. Finally, the entire process is repeated for the data of Hooks et al. [9] (Table 1) .
(a) (b) Fig. 3 Plan view of the three layers of the multi-electrode array, shown in Fig. 2 , that are used in a the first and b the second pass of the protocol to retrieve the six conductivities. The spacing between electrodes is 0.5 mm in all directions in the first pass, as well as in the normal direction in both passes.
The spacing between each of the marked squares is also 0.5 mm, resulting in a mixture of 1 and 0.5 mm spacing in both the l and t directions in the second pass. Source and sink electrodes for addition and removal of the applied current are indicated by ? and -, respectively 3.6 Exclusion of 'non-physiological' second pass runs
In the first pass of the retrieval protocol, it was sometimes the case that one (and occasionally two) of the intracellular conductivities converged to values that were non-physiological [for example, O(10 -9 )]. This was dealt with by running more than the required 10 inversions and calculating the mean and standard deviation over all these inversions for each of the seven parameters to be retrieved (three extracellular and three intracellular conductivities and fibre rotation angle). Particular inversion runs were then excluded if they had three or more parameters which lay outside of the mean ± 1 standard deviation range.
Results
Plots for percentage relative error versus the iteration number in the SolvOpt solver [19] , for a typical example where 1 % noise is added, are given in Fig. 4 . In part (a) of the figure, the extracellular conductivities are retrieved in 92 iterations, while the second pass to retrieve the intracellular conductivities and the fibre rotation angle, shown in the second part of (b) and (c), respectively, takes an additional 38 iterations. Note that the jump in conductivities at iteration 93 of Fig. 4b is related to the start of the second pass and is not significant. The extracellular conductivities are retrieved very accurately in the first pass, dropping below the added noise after about 70 iterations. At that stage, the relative errors for the intracellular conductivities are still above 1 %, but these drop down during the second pass as do the values for the error in the fibre rotation angle (the right-hand sides of the plots in (b) and (c), respectively).
Typically, around 80 iterations are required in the first pass, where the six conductivity values (g jk , j = i, e, k = l, t, n) and the fibre rotation are retrieved (Sect. 2.4), and then, approximately a further 40 iterations are needed to accurately retrieve the intracellular and fibre rotation angle values. This compares with around 60 followed by 30 iterations for the previous two-layer array, where only four conductivity values as well as fibre rotation were retrieved.
Percentage relative errors ±1 standard deviation, averaged over 10 runs (Sect. 3.2), for the noise levels 1, 2 and 5 %, are given in Table 2 , for the data sets of MacLachlan et al. [22] and Hooks et al. [9] (Table 1 ). The extracellular values are the mean of the 10 first pass inversions, and the intracellular and fibre rotation values are the means of the second pass inversions. The errors in Table 2 show that, not only is it possible to retrieve all six conductivity values (g jk , j = i, e, k = l, t, n), as well as fibre rotation, it is also possible to do so very accurately. This is so particularly in the case of the extracellular conductivities, where the average percentage relative errors are generally less than one-quarter of the added noise, with similar values for both data sets. It is worth noting that the accuracy, for the extracellular conductivities, does not appear to fall off, relative to the noise, as the noise increases.
The intracellular values are not retrieved as accurately as the extracellular values, but the errors still compare favourably with the errors found previously [14] with the two-layer array, where only g it and g et (and a) were being retrieved. For example, for 1 % noise and the previous two-layer array [14] , the percentage relative errors for g il and g it were 3.8 and 2.6 %, respectively, and this is comparable to 1.2, 3.8 and 0.6 %, for g il , g it and g in found here for the MacLachlan et al. [22] data set and 0.2, 1.4 and 3.8 % for the Hooks et al. [9] data set ( Table 2 ). In general, for the intracellular values, the errors in the retrievals for the data set of Hooks et al. [9] for the higher noise cases are a little larger than those for the data set of MacLachlan et al. [22] . Finally, it would appear that the accuracy of the retrieval of the fibre rotation angle a lies between the accuracy of retrievals of the two types of conductivities, which is consistent with previous work [14] .
Discussion
Although the solver in the first pass was always able to converge to an optimum value that gave three quite accurate extracellular conductivity values, it was usually the case that the intracellular values in the first pass were not very accurate. This was to be expected since the inversion technique is designed to take advantage of the fact that almost all of the current is in the extracellular space when 'closely spaced' electrodes are used [23] . However, in this work, it was occasionally observed that sometimes one or two of the intracellular conductivities converged to nonphysiological values in the first pass. Rather than exclude inversion runs on the basis of some arbitrary value for each conductivity, it was decided to exclude runs that had three or more parameters that were outside of the range mean ± 1 standard deviation (Sect. 3.6). This method meant that not only were the runs that resulted in nonphysiological intracellular conductivities excluded, but any other runs that converged away from the 'correct' (generating) values were also excluded.
In the case of the MacLachlan et al. [22] data set, this method resulted in the exclusion of 5, 2 and 2 runs for 1, 2 and 5 % noise, respectively, whereas for the Hooks et al. data set [9] , only two runs were excluded (one each for 2 and 5 % noise). No exclusions were necessary for the second pass, primarily because there was a larger range of values in these cases (Table 2) . It is not clear why more exclusions were necessary for the MacLachlan et al. [22] data set, particularly as one would expect that 1 % noise would provide fewer difficulties for the inversion than 5 % noise, say. However, for the 1 % case for this data set, there seemed to be two different optimum values to which the solver tended to converge. For reference, if all 15 inversion runs were included in the 1 % MacLachlan et al. [22] case, then the relative errors for g el , g et and g en would increase to 1.1, 3.4 and 1.7 % from 0.3, 0.2 and 0.3 %, respectively.
This work has found that it is very important to determine the extracellular values as accurately as possible in the first pass, since they are held constant in the second pass and seem to affect the accuracy of retrievals of the intracellular conductivities in the second pass. This was why the above method was developed for excluding inaccurate runs from those used to calculate the mean values from the first pass. The method seems appropriate for experimental purposes, where it is then not necessary to make assumptions about the conductivity data that is to be retrieved. In addition, it seems practical since experiments of this sort would be designed to make multiple measurements of potential (i.e. in many cardiac cycles), and some method of quality control is necessary.
In this study, certain assumptions associated with the model and the placement of the array are made. Firstly, it is assumed in the model that the imbrication angle (the angle of inclination of the fibres relative to the epicardial surface) is zero. This is a common assumption [5] , which is not unreasonable in this case, since measurements will be made The extracellular conductivities are retrieved in the first pass, and the intracellular conductivities and fibre rotation angle are retrieved in the second pass on the ventricular wall, where the angle is less than 5°. It is also common to assume that fibre rotation varies linearly with depth [5] , which is applicable in this region (but not near the base or apex of the heart [20] ). Another assumption made is that when making measurements the array is aligned with the longitudinal and transverse directions of the fibres, something that is possible using various techniques [29, 32, 33] . It is also assumed that no significant injury currents are caused when the array is inserted into the tissue [21] . In addition, it is also implicitly assumed that it is possible to fabricate an array with these micrometresized electrode spacings, which has been demonstrated by various groups (see discussion in [14] and more recently, as discussed in Sect. 1 [1, 10, 24, 25] ).
Conclusions
This work has presented an extension of a previous solution technique [15] to solve the bidomain model in a block of cardiac tissue, so that six, rather than four, cardiac conductivities can be used. An extension of a two-pass inversion technique that allows the conductivities (and fibre rotation angle) to be retrieved from measurements of electric potential on the heart was also presented. A new multi-electrode array is proposed, and simulated measurements of potential on the array are used, in conjunction with the inversion technique, to demonstrate that it is possible to accurately retrieve all six bidomain cardiac conductivities (g jk , j = i, e, k = l, t, n), as well as fibre rotation angle. In fact, it is found that, using the proposed array, the six conductivity values and fibre rotation could be retrieved with similar accuracy to the retrieval of the four conductivities (g jk , j = i, e, k = l, t) in the previous work [14] and, in particular, the three extracellular conductivities can be retrieved with accuracies that are about one-quarter of the added noise. This work also identifies the importance of retrieving the extracellular conductivities as accurately as possible in the first pass, since their accuracy affects the accuracy to which the intracellular conductivity values can be retrieved in the second pass. To this end, a method is suggested for eliminating inaccurate inversion runs from the first pass. An additional benefit to this method is that extremely inaccurate values for the intracellular conductivities in the first pass are also removed, resulting in more accurate initial values for the intracellular conductivities in the second pass, since they are found as the means of the first pass values.
Having shown that this array design is theoretically capable of retrieving all six bidomain cardiac conductivities, later work could consider other array designs to see whether they are capable of even higher accuracy in retrieving, in particular, the intracellular conductivity values. Plans for future work also include fabricating the electrode array using micromachining techniques and, after testing, making in vivo potential measurements in animals, during the ST segment, when the heart is iso-electric. The inversion technique, described here, would then be used to determine the six bidomain cardiac conductivity values. Such measurements could be made in various types of tissue, including normal and diseased tissue, and in various positions on the heart.
